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Abstract. In the previous work, we investigated the correlation-induced localization-delocalization tran-
sition (LDT) of the wavefunction at band center (E = 0) in the one-dimensional tight-binding model
with fractal disorder [Yamada, EPJB (2015) 88, 264]. In the present work, we study the energy (E 6= 0)
dependence of the normalized localization length (NLL) and the delocalization of the wavefunction at the
different energy in the same system. The mobility edges in the LDT arise when the fractal dimension of
the potential landscape is larger than the critical value depending on the disorder strength, which is con-
sistent with the previous result. In addition, we present the distribution of individual NLL and Lyapunov
exponent in the system with LDT.
PACS. 72.15.Rn Localization effects – 72.20.Ee Mobility edges – 71.70.+h Metal-insulator transitions –
71.23.An Theories and models;localized states
1 Introduction
All eigenstates are exponentially localized in one-dimensional
disordered systems (1DDS) with uncorrelated on-site dis-
order [1,2,3]. Recently, the study of delocalization phe-
nomena in the 1DDS with long-range correlation have
been performed using analytical as well as numerical meth-
ods [4,5,6,7,8,9,10,11,12,13]. In particular, many authors
could numerically observe the correlation-induced localization-
delocalization transition (LDT) in the 1D tight-binding
model (TBM) by using the same potential sequences with
power spectrum S(f) ∼ 1/fα(α ≥ 2) using Fourier filter-
ing method (FFM), where f denotes frequency [11,12,14,
15,16,17,18,19,20,21,22].
Very recently, Garcia and Cuevas modeled the sequences
with the power-law spectrum by Weierstrass function with
fractal dimension D and studied the transition based on
the differentiability of the disorder potential as a neces-
sary condition for the delocalization [23,24,25,26]. As a
result, they could numerically demonstrate that the LDT
takes place at the critical value Dc = 3/2 by means of
the distribution of the energy level-spacing in the weak
disorder limit.
In the previous paper [27], we have numerically re-
ported that the finite-size scaling analysis for the normal-
ized localization length (NLL) at the band center (E = 0)
suggests the existence of the LDT around Dc ≃ 3/2 in-
dependent of the potential strength in the relatively weak
disorder regime, as suggested by Garcia and Cuevas. On
the other hand, in the relatively strong disorder regime,
the critical fractal dimension Dc arrives at a smaller value
than 3/2 when varying the potential strength [27]. In ad-
dition, the existence of the power-law localized states has
been observed in the case of relatively weak disorder strength
for D ≥ 3/2, which implies zero Lyapunov exponent. Such
a power-law localization have been also observed in off-
diagonal disordered systems and quantum percolation sys-
tems [30,31,32].
What remains a question is the delocalization of the
other energy states of the TBM with the Weierstrass po-
tential. In this study, therefore, we numerically investi-
gate the delocalized behavior of the other energy states
(E 6= 0) using the system size dependence of the NLL.
We demonstrate the presence of the mobility edges and
the power-law localized behavior for D & 3/2 in the weak
disorder cases. The critical value of D decreases with in-
creasing the disorder strength W in the strong disorder
regime.
On the other hand, the statistical properties of the
individual NLL and Lyapunov exponent have not beend
studied in detail for the 1DDS with LDT, although the
anomalous fluctuation might be expexcted [4,6]. With this
in mind, we investigate here the statistical properties over
ensamble and are able to verify the presence of the anoma-
lous fluctuation, as well as to reveal the details of the sys-
temsize dependence by taking large system size and large
ensamble size as much as possible.
This paper is organized as follows. In the next section,
we briefly introduce the 1DDS with the Weierstrass po-
tential and some eigenstates. In Sect.3, we present global
behavior of the E−dependence and N−dependence in the
LDT by the numerical calculation of the NLL. In Sect.4,
we present statistical distribution and convergence prop-
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erty of the individual NLL and Lyapunov exponent with
increasing the system size for the band edge state. Sum-
mary and discussion are presented in the last section.
2 Model
We consider the one-dimensional tight-binding Hamilto-
nian describing single-particle electronic states as
H =
N∑
n=1
V (n)C†nCn +
N−1∑
n=1
C†nCn+1 +H.C., (1)
where C†n(Cn) is the creation (annihilation) operator for
the one-electron state at site n. The {V (n)}Nn=0 andW are
the disordered on-site energy sequence and the strength,
respectively. The amplitude of the quantum state |Φ > is
given by φ(n) ≡< Φ|C†nCn|Φ > in the site representation.
To model the correlated disorder potential for V (n)(n ≤
N) in Eq.(1), we use the following form:
V (n) = C
L∑
k=0
sin(2piakn/N + ϕk)
a(2−D)k
, (2)
where a is a constant value (a > 1) related the scale-
invariance and D is a fractal dimension (1 < D < 2).
{ϕk}
L
k=0 are random independent variables chosen in the
interval [0, 2pi]. C is the normalization constant which is
determined by a condition
√
< V (n)2 > − < V (n) >2 = 1, (3)
where 〈...〉 indicates the average over realization of the
phases in Eq.(2). If we set n/N = x, ϕk = 0, the po-
tential sequence becomes the ”Weierstrass function” be-
ing continuous and indifferentiable everywhere by taking
a continuous limit N → ∞ and L → ∞. Therefore, the
potential will be shortly transfered to as ”Weierstrass po-
tential” in this paper, and we set a = 2 and L = 50
through this report without loss of the generality and ac-
curacy of the numerical calculation. Figure 1 shows some
potential landscapes. We can see that the landscape be-
comes smooth as the fractal dimension D decreasing. Note
that the condition α ≥ 2 for the LDT corresponds to a
condition D ≤ 3/2 because the power spectrum S(f) of
the Weierstrass function is empirically characterized by
S(f) ∼ 1
f5−2D
. The smoothness of the potential fluctu-
ation can also induce the delocalization of the quantum
states, which property is directly related to analyticity of
the potential function in the continuum limit.
Garcia and Cuevas [23,24] have numerically found that
LDT at Dc = 3/2 for the sufficiently weak disorder regime
by using the nearest-neighbor level-space distribution of
the energy spectrum. It is useful to look at typical eigen-
states directly to ratinalize the effects of the fluctuation
of the potential on the delocalization. Some typical eigen-
states are shown in Fig.2. The state close to the band
center as well as the one around band edge are localized
-2
-1
0
1
2
V(n
)
10008006004002000
n
 D=1.3
 1.5
 1.7
(b) N=2^10
3
2
1
0
-1
-2
-3
V(n
)
30x1032520151050
n
 D=1.3
 1.5 
 1.7
 
 
(a)
N=2^15
Fig. 1. (Color online) Typical on-site energy landscape V (n)
generated by the Eq.(2) and the normalization (3) with D =
1.3, 1.5, 1.7. (a)N = 215, (b)N = 210.
forD = 1.7, while the state near band center is delocalized
for D = 1.3. These features are consistent with our previ-
ous work [27]. For small values of L some typical potential
landscapes and the eigenstates are given in appendix A.
In the next section, we investigate the energy dependence
of the quantum states.
3 Numerical Results of the normalized
localization length
We define the normalized localization length (NLL),
ΛN ≡
ξ(N)
N
, (4)
where ξ(N)(= 〈γN 〉
−1) denotes the finite size localiza-
tion length (LL), and the finite size Lyapunov exponent
γN(N >> 1) is defined by
γN =
ln
(
|φ(N)|2 + |φ(N + 1)|2
)
2N
, (5)
with the initial state φ(0) = φ(1) = 1. 〈...〉 denotes the en-
semble average over different phases in Eq.(2). We numer-
ically calculate the γN by using negative factor counting
method [28,29]. It is useful to study the LDT because ΛN
decreases (increases) with the system size N for localized
(extended) states, and it becomes constant for the critical
states.
In what follows, we investigate the NLL by changing
the system size for some typical values of the system pa-
rameters, W , E. The typical size N and ensemble size
used here are N = 214 ∼ 221 and 211 ∼ 215, respectively.
The robustness of the numerical calculations has been con-
firmed in each case.
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Fig. 2. (Color online) Comparison of some eigenstates {φ(n)}
for the Weierstrasse potential in Fig.1(b) with D = 1.7 (left
panels), D = 1.3 (right panels). W = 0.75, N = 210 and
rigid boundary condition are used. The 1024th energy eigen-
states (two top panels), 768th energy eigenstates (two middle
panels), and the 512th energy eigenstates (two bottom panels)
are shown from the top. The first energy eigenstates are also
shown in two top panels. Note that the horizontal axis are in
real scale.
3.1 Energy dependence:mobility edge
Figure 3 shows the energy dependence of the NLL for the
different system sizes (N = 214 ∼ 221) with the fixed value
W = 0.5. The E−dependence drops relatively smoothly
down around E ∼ 0.7 in the same way for all cases. In the
case of D = 1.7, the NLL ΛN goes to zero as N →∞ in all
energy regime. In the cases of D = 1.5 and D = 1.3, the
ΛN arrives at the finite values greater than unity around
the band center |E| . 0.7 as N →∞, while in the region
outside of the center |E| & 0.7, ΛN decreases zero. Figure
4 shows detail of the E−dependence of the NLL around
E = 0.7. It is apparent that the states get localized in the
regime |E| ≥ 0.7. ΛN exponentially decreases away from
the edge E ≃ 0.7. The results suggest the existence of the
mobility edge for D ≤ 3/2 in the thermodynamic limit,
which is consistent with the result by Garcia and Cuevas.
Furthermore, it was found that the LDT depends on
the value of disorder strength W based on the result in
Ref.[27]. Figure 5 shows the E−dependence of the ΛN for
some combinations of the disorder strengthW and fractal
dimension D at the fixed system size of N = 220. In the
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Fig. 3. (Color online) The normalized localization length ΛN
as a function of the energy E with a fixed value of W = 0.5 for
N = 214 − 221. (a)D = 1.7, (b)D = 1.5, (c)D = 1.3. Note that
the data are plotted in logarithmic scale. The black broken
lines denote ΛN = 1 as a reference of LDT. The ensemble size
is 211.
relatively strong disorder cases (W ≥ 0.5), the delocal-
ized states appear around the band center for D ≤ 3/2.
Figure 6 shows the detail of the E−dependence of ΛN in
the case of W = 0.25. In the relatively weak disorder case
(W = 0.25), two peaks appear around |E| ≃ 0.7 when
D = 1.7 although the states go to localized states with
keeping the two-peaks structure of the E−dependence for
N → ∞, as shown in Fig.6(a). In the case of D = 3/2,
the double-peaks structure of the E−dependence remains
even for N →∞, as shown in Fig.6(b). The two peaks re-
vealed ought to influence electronic transport and optical
absorption.
3.2 system size dependence:power-law localization
Generally, the quantum states can be classified by the ex-
ponent δ of the N−dependence of the ΛN when it behaves
as,
ΛN ∼ N
δ. (6)
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Fig. 4. (Color online) The normalized localization length ΛN
as a function of the energy E around E ≃ 0.7 of Fig.3(c) with
D = 1.3 and W = 0.5. The ensemble size is 212. The inset
shows the logarithmic plot.
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Fig. 5. (Color online) The normalized localization length
ΛN as a function of the energy E at N = 2
20 for D =
1.2, 1.3, 1.5, 1.7. (a)W = 0.75, (b)W = 0.5, (c)W = 0.25. Note
that the data are plotted in logarithmic scale. The black bro-
ken lines denote ΛN = 1 as a reference of LDT. The ensemble
size is 211.
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as a function of the energy E with a fixed value of W = 0.25
for N = 214 ∼ 219. (a)D = 1.7, (b)D = 1.5. Note that the data
are plotted in real scales. The ensemble size is 211.
The exponent, δ ≃ 0 for the extended states, −1 < δ < 0
for the power-law localized states, and δ ≃ −1 for the ex-
ponentially localized states. The states at the band center
are more delocalized than the states away from the band
center.
Figure 7(a) and (b) show the system size dependence
of the NLL of a relatively strong disorder case (W = 0.75)
in the vicinity of the band center and edge, respectively. It
is found that the N−dependence changes the decreasing
function with δ ≃ −1 to the constant function δ = 0 as
the fractal dimension decreases in the case (a). It is found
that the critical fractal dimension decreases with increas-
ing the disorder strength, which is consistent with our
previous result for E 6= 0. On the other hand, the states
near band edge are exponentially localized irrespectively
of the fractal dimension, as seen in Fig.7 (b).
Next, we have to pay attention to the delocalization of
the states with energy away from E = 0 in the relatively
weak disorder cases (W ≦ 0.5), as given in Fig.7 (c) and
(d). Note that the N−dependence of the NLL becomes
independent of the system size for D ≤ 3/2 in agreement
with the extended nature of the states. The fact that the
slopes of the straight lines in the log-log plot are −1 <
δ < 0 strongly suggests the power-law localization of the
states. As a result it is suggested that the LDT takes place
around the transition point Dc = 3/2 irrespectively of
the disorder strength in relatively weak disorder regime
W ≦ 0.5, as shown in Ref.[27]. Exponential localization
takes place for D > 3/2, while the behavior specific for
the critical point arises in the whole range of 1 < D ≤ Dc.
In the case of W << 1, the latter situation corresponds
to the localization with the divergent localization length
even for D > 3/2 and probably should be interpreted as
the power-law localization.
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Fig. 7. (Color online) The normalized localization length ΛN
as a function of the system size N with several values of the
fractal dimension. (a)W = 0.75, E = 0.09, (b)W = 0.75, E =
0.44 (c)W = 0.5, E = 0.48, (d)W = 0.25, E = 0.98. Note that
the data plotted in double-logarithmic scale. The ensemble size
is 212.
4 Distribution of individual normalized
localization length and Lyapunov exponent
In this section, we discuss the statistical property of the
distribution of individual NLL and Lyapunov exponent at
E = 1.0 that is expected to correpond to a localized state.
First, we define the individual NLL Λ
(s)
N ≡ 1/(Nγ
(s)
N ),
where γ
(s)
N is Lyapunov exponent of a finite system with
system size N and the suffix s run for each sample. Note
that the mean value 〈Λ
(s)
N 〉 satisfies inequality ΛN < 〈Λ
(s)
N 〉
because 〈γN 〉 > 1/〈1/γN〉. Figure 8 shows the histograms
of the distribution of Λ
(s)
N around band edge (E = 1.0)
over 215 samples. In the case of D = 1.6, the asymp-
totic behavior of thedistribution of Λ
(s)
N gradually moves
to the origin position with increasing system size N . On
the other hand, it is found that in the case of D = 1.5, it
converges the distribution form with power-law tail. The
N−dependence of the mean value 〈Λ
(s)
N 〉 and the standard
deviation σΛ are shown in Fig.9. The N−dependence is
unstable and a clear difference does not appear between
the cases of D = 1.6 and D = 1.5, different from cases of
ΛN in the last section.
In localized regime such as D = 1.6 and D = 1.5
around the band edge, Lyapunov exponent γN is better
than Λ
(s)
N to study the localization property. Fig.10 shows
the histogram of the distribution of Lyapunov exponents
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Fig. 8. (Color online) Histograms of the distribution of Λ
(s)
N
around band edge over 215 samples in the cases (a)D = 1.6
and (b)D = 1.5. The other parameters are W = 0.5, E = 1.0.
The details behavior around Λ
(s)
N ∼ 0 is shown in each inset in
the log-log plot. and the mesh of the horizontal line is 5×10−2.
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Fig. 9. (Color online) Log-log plot of (a)mean 〈ΛN 〉 and
(b)standard deviation σΛ of the distribution in Fig.8 as a
function of system size N at E = 1.0 for fractal dimension
D = 1.4, 1.5, 1.6.
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around band edge (E = 1.0) over 215 samples. Aa a result
the two kinds of distribution coexist. One of the two peaks
around γN ≃ 0 corresponds to the extended states or
power-law localized states. Fig.11 shows N−dependence
of the mean value 〈γN 〉 and standard deviation σγN of the
distribution for some cases. We estimate the Lyapunov
exponent γ∞ for N →∞ by fitting the relation,
〈γN 〉 = c1N
−α + γ∞, (7)
for all the cases in Fig.11(a). The estimated parameters
are shown in Fig.12. As a result, at least, the Lyapunov
exponent becomes zero, γ∞ ≃ 0, for D ≤ 1.7 at the band
edge (E = 1.0), which is consistent with power-law local-
ization in the last section.
The distribution form tends to be anomalous around
the LDT and the ensemble-averaged value of the finite
system size becomes unstable. Accordingly, it is important
to investigate the statistical property of the distribution
around the transition point because it is sensitive to the
difference of the definition, as seen in this section.
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Fig. 10. (Color online) Histograms of the distribution of γN
around band edge (E = 1.0) in the case of D = 1.6. The details
behavior around γN ∼ 0 is shown in the inset in the semi-log
plot. The ensemble size is 215 and the mesh of the horizontal
line is 2× 10−7.
5 Summary and discussion
In summary, we have numerically studied the nature of
LDT in 1DDS with fractal disorder generated byWeirstrasse
function. We have explicitly shown some basic features of
the system. We used the normalized localization length
defined by the Lyapunov exponent to investigate the delo-
calized behavior of the wavefunctions for the entire energy
region. The results suggest that in the weak disorder cases
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Fig. 11. (Color online) Log-log plot of (a)mean 〈ΛN 〉 and
(b)standard deviation σΛ of the distribution in Fig.8 as a
function of system size N at E = 1.0 for fractal dimension
D = 1.4, 1.5, 1.6. A relation 〈γN〉 > σγ is satisfied and stable.
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Fig. 12. (Color online) D-dependence of the fitting parameter
(a) α and (b)γ(∞) in Eq.(7).
a metallic band of extended states in the finite region of
the energy exists for D ≃ 3/2. In addition, the power-
law localized states have been observed for D ≥ 3/2, with
decreasing the fractal dimension D in the cases. On the
other hand, the N−dependence of the NLL suggests that
for the strong disorder cases all the states are exponen-
tially localized even for 1.3 < D . 1.5, which is consistent
with the finding of Ref.[27]. We have revealed the anoma-
lous distribution of the individual NLL, as well as found
that the asymptotic behaviour of the ensemble-average for
Lyapunov exponent 〈γN 〉 consists in that the latter goes
to zero with increasing the system’s size for D ≤ 1.7.
The same properties as in the 1D electronic system
given in this paper are also expected for the delocaliza-
tion of acoustic wave [33,34,35], electromagnetic wave [36,
37] and seismic wave [38] in one-dimensional layered me-
dia with fractal disorder. We expect that the present work
would stimulate further studies of the localization-delocalization
transition in 1DDS.
A potential roughness and eigen functions
The LDT is closely connected to the relation between
roughness of the potential landscapes and the degree of
differentiability of the potential in the continuum limit
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[39,23,24,25,26,40] It has been proposed that delocalized
states can be generated for continuum 1DDS provided
that the disorder potential is V (x) ∈ Cβ with β > 1/2 [23,
24]. The eigenstates are delocalized by properly changing
the parameter L which controls the fluctuation of the po-
tential. The singularity of the potential could be regulated
by increasing the parameter L, as given in Fig.13.
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Fig. 13. (Color online) Typical on-site energy landscape
WV (n) generated by Eq.(2) with L = 2, 4, 6, 8 and D = 1.7. A
case of N = 210 and W = 0.75 is shown. Notice that ones for
L > 10 can not be distinguishable in this scale.
In Fig.14 the wavefunction absolute values for some
eigenstates versus the site index are shown, using rigid
boundary condition. It is found that the eigenstates closest
to the center of the spectrum tend to be more delocalized
than those closer to its edge. In particular, in the case of
L = 8 the eigenstate close to center of the spectrum is
localized even for D = 1.7 as shown in Fig.14(c).
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